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Abstract 

In quantum models of gravity, it is surmized that configurations with degenerate 
coframes could occur during topology change of the underlying spacetime structure. 
However, the coframe is not the true Yang-Mills type gauge field of the transla- 
tions, since it lacks the inhomogeneous gradient term in the gauge transformations. 
By explicitly restoring this "hidden" piece within the framework of the affine gauge 
approach to gravity, one can avoid the metric or coframe degeneracy which would oth- 
erwise interfere with the integrations within the path integral. This is an important 
advantage for quantization. 
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1. Introduction 

As it should be recognized by now, "...gravity is that field which corresponds to a 
gauge invariance with respect to displacement transformations" , as Feynman [1] has 
put it. On a macroscopic scale, gravity is empirically rather well described by Ein- 
stein's general relativity theory (GR) which resides in a curved pseudo-Riemannian 
spacetime. 

In a first order formalism, one introduces a local frame field (or vielbein), e a = 
e l a di which is expanded via the tetrad coefficients e l a in terms of the coordinate basis 
di := d/dx l , together with the co frame field or 1-form basis = dx^ , which is 
dual to the frame e a with respect to the interior product: e a J#^ = e l a = 8@ . 
In the Introduction the frame is chosen to be (pseudo-) orthonormal. Quite often, 
t? a is advocated as the translational gauge potential, although it does not transform 
inhomogeneously under local frame rotations, as is characteristic for a connection. 

The Einstein-Cartan Lagrangian [2] is given by 

V EC = -^2° RaP A ^ 7 A ^ Tl afhS , (1.1) 

o 

where = R^ a ^ is the curvature 2-form associated with the Lorentz connec- 

o 

tion 1-forms T a/3 = T^ 01 ^ and r] ol p 1 5 := y/\det o a p\ e a p 1 s is the Levi-Civita ten- 
sor. Because of the orthonormality chosen, the local metric components read o a p = 
diag(l, — 1, — 1, — 1). In constructing macroscopic viable gravitational Lagrangians, 
the fundamental length £ needs to be identified with the Planck length £pi anc k- Vac- 
uum GR can be consistently recovered by imposing the constraint of vanishing torsion 
T a := D"& a via the addition of the Lagrange multiplier term /j, a A T a to (1.1). Then 
only the Belinfante-Rosenfeld symmetrized energy-momentum current occurs as a 
source of gravity, the contribution of the matter spin being subtracted out. 

One avenue of quantizing gravity is to consider the functional integral 

/ V$VTexp(i [ Vec), (1-2) 

J J M 

where a summation is understood over all inequivalent co frames •& := t? a P a , Lorentz 

o o o 

connections V := T af3 L a p , and spacetime topologies, as well. Since in GR the Lorentz 

o 

connection T a/3 is constrained by T a = 0, Eq. (1.1) will become the Hilbert second 
order Lagrangian and an integration over all co frames is sufficient. In any case, this 
summation will also involve degenerate (dete^ = 0) or even vanishing coframes. This 
instance would induce the breakdown of any length measurement performed by means 
of the metric g = o a p $ Q <8> ft 13 and would signal the possible occurence of a topology 
change, as is argued in the interesting paper of Horowitz [3] . This also gives a flavor of 
some of the conceptual difficulties [4] not encountered in the quantization of internal 
Yang-Mills theories on a fixed spacetime background. 
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Degenerate coframes are not only restricted to the realm of quantum gravity. 
In Ashtekar's reformulation of canonical GR, cf. [5], the "triad density", i.e. more 
precisely, the tangential 2-form -$ a , is in fact allowed to become degenerate as a 
classical solution of Hamilton's equations. Moreover, in a first order formulation of 
topological 3D gravity [6], we uncovered a "dynamical symmetry" in which coframe 
and "Lorentz" -rotational connection (in three dimensions) become related^ 1 -* to each 

other via $ A = cT* A = §n ABC T B c, where A,B,C = 0, 1, 2 (or = 1, 2, 3 for Euclidean 

o 

signature). For Tab — > 0, a degenerate coframe ("triad") will occur in this model. 
By regarding coframe and "Lorentz" -rotational connection as part of the Cartan 
connection 

f = $ A p A + r BC L BC , (i.3) 

Witten [8] could show that the 3D Hilbert-Einstein Lagrangian can be absorbed in 
a Chern-Simons term for (1.3), thus facilitating the proof of the finiteness of the 
corresponding 3D quantum model. 

Degenerate coframes, however, tend to jeopardize the coupling of gravity to mat- 
ter fields, as exemplified by Dirac or Rarita-Schwinger fields. The basic reason is 
that the local frame e Q , even if it still exists, is not invertible any more; i.e. the 
relation e a J$* = 5g , which is needed in the formulation of the matter Lagrangian, 
would then be lost. In this paper, we want to resolve this riddle by demonstrating 
explicitly that # a is only part of the dimensionless translational gauge potential, if 
we use a Yang-Mills type gauge approach to the affine group, which includes the 
Poincare group of elementary particle physics as subgroup. Thereby we also clar- 
ify the subtle relationship between infinitesimal translational gauge transformations 
and four one-parameter subgroups of diffeomorphism of spacetime, both regarded as 
acting actively. 

2. The rigid affine group A{n, R) 

In the flat n-dimensional affine space R n , the rigid affine group A{n, R) := R n <K 
GL(n, R) acts as the semidirect product of the group of n-dimensional translations 
and n-dimensional general linear transformations. Thus it is a generalization of the 
Poincare group P := R 4 <K SO(l, 3), with the pseudo-orthogonal group SO (I, n — 1) 
being replaced by the general linear group GL(n, R). In the following, we will work in 

W This is analogous to the connection representation in which the "triad density" is 

± 

represented by the functional derivative -#* := 5/5 A^ with respect to the canonically 

± 

conjugate Ashtekar variable A a . This provides a mapping from the Hamiltonian 
constraint of gravity with cosmological term to the Chern-Simons 3-form [7] of the 
Ashtekar-Sen connection. 
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a Mobius type representation [9, 10]. The A(n, R) is that subgroup of GL(n + 1, R) 
which leaves the n-dimensional hyperplane R n :=|x = (^^j ^ -R n+1 j- invariant: 

A(n,R) = ^(^ eGL(n + l,R)\AeGL(n,R), r G i? n | . (2.1) 
— / / Ax + T \ 

Thus we obtain x = I I as it is required for the action of the affine group on 

the flat affine space. 

The Lie algebra a(n, R) consists of the generators P 1 representing local n-dimen- 
sional translations and the L a p which span the Lie algebra gl(n, R) of n-dimensional 
linear transformations. Their commutation relations are: 

[P a ,Pfi] = 0, (2-2) 

[L a f,,P 1 ] = S°P /i , (2.3) 

and 

[L a ,L^ s ]=SfL^p-^L a s . (2.4) 

Observe that the physical dimensions of these generators are \L a p ] = % and [P a ] = 
ft/length. If there is a spacetime metric g = g a p i!) ol ®'d l3 with components g a p available 
for lowering indices, the general linear group can be decomposed further: 

L a /3 = ^ Lap +P al 3 +— g a f3^> ^ . (2.5) 

o 

Here L a p := £[ Q /3] are the generators of Lorentz transformations, JZ a p:= £( a /3) — 
(1/n) g a p L 7 7 represent shears, whereas V := L 7 7 is the generator of scale transfor- 
mations. 



3. The affine gauge approach 

In a matrix representation analogous to (2.1), we can write the affine gauge 
group^ as 

A{n,R) = U K ^ ) T ^\A(x)eg£(n,R), r(x) E T(n, R)\ , (3.1) 



( 2 ) In a fibre bundle approach, one introduces first the bundle of affine frames 
A(M) := P^M n , A(n, R), n, S^j where it denotes the projection to the base mani- 
fold and 5 the (left) action of the structure group A(n, R) on the bundle. Active, 
affine gauge transformations are the vertical automorphisms of A(M). Similarly as 
the diffeomorphisms of the base manifold M n , they form the infinite-dimensional 
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Following a Yang-Mills type gauge approach, we introduce the generalized affine 
connection [14], cf. [15], 



r= n n ) ~~ \ r n P « (3.2) 



V o o J \ o o 

and require that it transforms inhomogeneously under an affine gauge transformation: 

T A ^? ] T =A- 1 (x)TA(x)-A- 1 (x)dA(x) , A(x) G A(n, R). (3.3) 

Since we regard it as an active transformation, it is formed with respect to the group 
element 

A-V)=( A "^ -A.~ 1 (x)t(x) ^ (3 4) 

which is inverse to A(x) G A{n 1 R). The corresponding affine curvature is given by 

S := + ? A ? = ( ^ + r <*> a r<« ^ + r«Ar(^ (J 5) 

and transforms covariantly, i.e. 

5 5 = A-^xjS^Cx) (3.6) 

under the affine gauge group/ 3 ) The covariant exterior derivative D := d + T acts on 
an affine p-form ^ = I J as follows 

o • (3 - 7) 



group .A(ra, i?) := C°°(a(M) x Ad A(n, #)). The group ££(n, i?) := C°°(A(M) x Ad 

GL(n, R)) of linear gauge transformations and the group T(n, R) := C°°(A(M) XAd 
R n ) of local translations are subgroups of A(n, R). Taking the cross-section in the 
associated bundle is abbreviated by C°° and Ad denotes the adjoint representation 
with respect to GL{n,R). Due to its construction, the group of local translations 
T(n, R) is locally isomorphic to the group of active diffeomorphisms Diff(n, R) of 
the manifold [11, 12]. The infinite-dimensional group Diff(n, R) contains the n + n 2 
-dimensional group A(n, R)h of holonomic affine transformations [13] which are gen- 
erated by the vector fields Pi = di := d/dx l and Uj = x l dj as a subgroup. Note 
that differentiable coordinate transformations, which leave exterior forms invariant, 
are regarded as passive diffeomorphisms. 

(3) Our matrix formalism, cf. [10, 16] and references therein, is a spacetime gener- 
alization of the so-called motor calculus of von Mises [17]. 
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Only by imposing the gauge = 0, one would recover the covariant exterior 

derivative D := d + with respect to the linear connection. 

After insertion of (3.2) and (3.4), the inhomogeneous transformation law (3.3) 
splits into 

r(L) a~_Hx) r (i-)/ = A -i( a .) r (i.) A ( a .)_ A -i( a .) dA ( a .) ^ (3. 8 ) 

and 

r (T) A-^x) r (T)/ = A -l (x)r (T)_ A -l (x)jDr(x) _ (3 _ 9) 

The local translations t(x) automatically drop out in (3.8) due to the 1-form structure 
of r< T ). Thereby (3.8) aquires the conventional transformation rule (with the exterior 
derivative d) for a Yang-Mills-type connection for Q£(n, R), and thus we can identify 
_ y = r a ^ L a p with the linear connection. Due to the covariant exterior 
derivative term Dt(x) := dr(x) — t(x) in (3.9), the translational part ]?( T ) does 
not transform as a covector as is required for the coframe $ := # a P Q , i.e. the 1-form 
with values in the Lie algebra of R n . 

However, we may follow Trautman [18] and introduce a vector-valued 0-form 
£ = (J^J = /"^ which transforms as £ = A~ x (x) £, i.e., 

£ i' = \-\x)(i-r{x)) (3.10) 
under an active afhne gauge transformation. Then 

^:=r (T) -D£ (3.11) 
transforms as a vector-valued 1-form under the A(n, R), as required: 

A l^f } ^A" 1 ^. (3.12) 

If 1?( T ) vanished throughout the manifold, the vector field £ would represent a 
four dimensional version of Cartan's generalized radius vector [19]. The integrability 
condition is, in this instance, given by the vanishing of the translational part of the 

affine curvature (3.5), i.e., R^ := DT^ = (T a + Rf )a ^)P a = 0, which, for 
teleparallelism models with R^^ = 0, would imply vanishing torsion. ( 4 ) 



( 4 ) Otherwise there also exists, for example, the nontrivial solution T a = cq a P£p 
and R al3 = crj af3 , with the dimensionful constant c. 
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4. Reduction to a Cartan connection 

Our key relation (3.11) in components takes the form 

rf )a = ei a + DiC , (4.1) 

which for D^ 01 = —8f makes contact with an approach of Hayashi et al. [20]. In a 
recent paper [21] on the Poincare gauge approach, our £ a are kinematically interpreted 
as "Poincare coordinates"; note that in Eq. (2.14) of that paper [21], vielbein and 
translational connection are identified opposite to our notation. Observe also that 
we do not have to put the "Poincare coordinates" £ a to zero, in order to obtain the 
gauge affine (!) transformation law (3.12) of the coframe. The reason is that the 
local translations are now "hidden" in the invariant transformation behavior of the 
exterior 1-form d under (passive) diffeomorphisms. Note also that in our approach, 
in contradistinction to that of Sexl and Urbantke [22, p. 381], we do not need to 
break the affine gauge group kinematically via Dt(x) = 0. An attempt to motivate 
the translational connection (4.1) from the theory of dislocations can be found in Ref. 
[23] , whereas Hennig and Nitsch [24] provide an explanation in terms of jet bundles. 

Since £ = £, a P a aquires its values in the "orbit" (coset space) A(n, R)/GL(n, R) ps 
R n , it can be regarded as an affine vector field (or "generalized Higgs field" according 
to Trautman [25]) which "hides" the action of the local translational "symmetry" 
T{n,R). If we required [26] the condition 

D£ = 0, (4.2) 

the translational connection would, together with the coframe be "soldered" 
to the spacetime manifold, cf. [27], and the translational part of the local affine 
group would be "spontaneously broken" , cf. [28] . The stronger constraint of a "zero 

section" vector field £ = would reduce the generalized affine connection V on the 
affine bundle A(M) to the Cartan connection [9] 

f-(5S) <-> 

on the bundle L(M) of linear frames. Due to (3.12), this is not anymore a connection 
in the usual sense. However, thereby we would recover the familiar (metric-) affine 
geometrical arena [29] with nonmetricity, torsion, and curvature, as is summarized in 
the following table: 



potential 


field strength 


Bianchi identity 


metric g a @ 
coframe -$ a 
connection Y a ^ 


ga/3 = Dg af3 
T a = 

Rj = dTj + r/ A r a ^ 


DQ af) = 2R^ a g^» 
DT a = R^ A ^ 
DRj = 
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5. Affine gauge transformations versus active diffeomorphisms 

The affine gauge transformations in (3.3) are finite transformations. If we expand 
them up to first order according to 

A(x) = l+(jjL a p + --- , (5.1) 

r(x) = + £ *P a + ... , (5.2) 
we obtain from (3.8) and (3.9), respectively, 

5 A -iT^ =-(DuJ)L a p + --- , (5.3) 

6 A -iT^ = -(De a + W/J « r< T >") P a + ■ ■ ■ . (5.4) 

(For the "product" of Lie generators we use the Lie brackets of Sect. 2, since we 
work in the adjoint representation.) It is gratifying to note that the leading exterior 

covariant derivatives reveal, in particular, that the translational connection r^ T ^ is 
really the "compensating" field for infinitesimal local translations e in the Yang-Mills 
sense. 

Let us compare this result with the "diffeomorphism" approach, which was 
orginally developed for the Poincare subgroup of the A{n, R): In essence, the trans- 
lational part of the transformation 

n = 1 -e- u = 1 -e a P a -ujL a {3, (5.5) 

is embedded as an n-parameter subgroup of the infinite-dimensional group of active 
diffeomorphisms of spacetime.^ 5 ) In order to calculate the effect on the linear conec- 
tion and the coframe, one has to consider the action [30] of the Lie derivative £(- e ) 
with respect to the vector field (— e) together with an infinitesimal frame rotation 
parametrized by (—a;). Since £(_ e ) = ^(-e) : = — (e\d + de\) holds for geometrical 
objects which are invariant under changes of the basis, a straightforward calculation 
yields 

(£ ( _ £) + <*(_„,) )r = - [D(uJ + e\Tj) + e\Rj] L a p , (5.6) 

and 

(£ ( _ e) + <y ( _ w) )# = - [De a - (up* + e\T p a )^ + e\T a ] P a . (5.7) 

The 'annoying' linear connection term in (5.6) and (5.7) can be dismissed by 
going over to the parallel transport version of Hehl et al. [2] and Ne'eman [31] in 



( 5 ) The minus sign is in accordance with our earlier conventions for active transfor- 
mations. 
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which, instead of P a , the covariant derivative components D a := e a \D are adopted 
as generators of local translations: Then the infinitesimal transformations read 

ft = 1 - e a D a - L a p = n + e\ Vj L a p . (5.8) 

Since this amounts to a redefinition u := u — e^a 13 L a ^ of the parameters of the 
infinitesimal linear transformation, we can simply read off, from (5.6) and (5.7), the 
new results 

(£ ( _ £) + <y ( _£»)r = - [DuJ + e\Rjj L a p , (5.9) 

and 

(£ ( _ e) + 6 ( _ a) )# = - [De a - u^f 3 + e\T a j P a . (5.10) 

In this parallel transport version, the leading covariant derivative pieces are the 
same as in the affine gauge approach. In particular, the "hidden" translational piece 
in the affine transformation (3.12) of the coframe gets thereby "uncovered" in (5.10). 
Is it in the end "...somewhat a matter of taste...", as Nester [32] has put it, whether 
or not one prefers the parallel transport interpretation of translations over the affine 
gauge approach? One could argue that the Pauli-type curvature and torsion terms in 
the infinitesimal transformations (5.9) and (5.10) violate the spirit of the principle of 
"minimal coupling", a cornerstone of a conventional Yang-Mills type gauge approach. 
These terms also show up in the commutation relation 

[D a , Dp] = —T a p l D 1 + R a ^ L» v (5.11) 

for the operator D a of parallel-transport, if applied to a 0-form. Due to the torsion 
and curvature terms on the right-hand side, a softening [33] of the Lie algebra struc- 
ture cannot be avoided in such a diffeomorphism-type approach. Using the covariant 
derivatives (or Lie derivatives) has the advantage of being physically meaningful as 
a parallel transport, as explained in Ref. [2], once we put up a frame, and, in a 
corresponding first order approach, these 'non-minimal' structures do not touch the 
explicit form of the Lagrangian. However, they are algebraically less useful because 
(5.11) is not a Lie algebra any more. Moreover, as we will show below, the affine gauge 
approach lends itself to an important resolution of degeneracy problems in quantum 
gravity. 
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6. AfRne gauge approach to quantum gravity with topology change 

Now we may return to the question of the proper meaning and range of valid- 
ity of the functional integral (1.2) in quantum gravity. The lesson learnt from our 
afhne gauge approach is that, instead of the co frame, a summation over the true 
translational connection r^ T ^ is more akin to a quantum Yang-Mills type approach. 
Moreover, it would cause no problems if the functional integration didn't go only 
through r( L ) =0 as it would do in Yang-Mills theory, but through = as well, 
keeping the coframe by definition, non-degenerate. In effect, we may now consider 
the functional integral 

/ VTexp(i [ V EC ), (6.1) 
J Jm 

where summation is understood over the generalized affine connection. 

Due to (3.8) and (3.12), the Einstein-Cartan Lagrangian is gauge invariant also 
with respect to the full, but "hidden", affine gauge group A{A,R). In order to study 
the possibility of a degenerate or even vanishing translational connection, it is instruc- 
tive to insert the representation (3.11) of the coframe into the Einstein-Cartan La- 
grangian (1.1) amended by a cosmological term (—A cos /£ 2 )r]. In the gauge r^ T ) -> 0, 
we find then the following truncated expression: 

^ecc = ~^2°R aP A (r^ - DC) A (T^ 5 - Dftriaw 



A«J (r (T)a _ A (r (T)/J _ D ^ A (r (T) 7 _ DC) A (T(T)S _ D f5 )va/h8 



A e V Flaw + ^i a De A DC A V ^Vapjs 



(tf* A C D£ S + ^eDtf A DC A Dt s )r, afhS \ 



3\£ 2 

(6.2) 

o 

In order to separate off the boundary term, we employed the Bianchi identity DR af3 = 
for the Riemann-Cartan curvature, which is valid in the Riemann-Cartan frame- 
work of (6.2) with vanishing nonmetricity. 

Thus the occurrence of a vanishing translational connection in the functional inte- 
gral (6.1) is without harm, since a quadratic and linear curvature Lagrangian remains 
for the linear connection. In case that A cos = 0, except for the dimensional coupling 
constant, the truncated expression (6.2) resembles the Stephenson-Kilmister-Yang 
(SKY) Lagrangian [34, 35, 36], which is known to be perturbatively renormalizable 
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[37, 38]. Moreover, for the constant vacuum condensate = H ^0 and zero other- 
wise, the Lagrangian (6.2) reduces "spontaneously" to the Euclidean 3D topological 
gravity model 

Vecco = [vabc A °R 6 C H 2 + ^ n ABC V A V A h° H 4 ] (6-3) 



in which the dreibein can be identified with part of the Lorentz connection via d = 

o o 

Tq A and T A = Rq A - Other directions of symmetry breaking, such as = H ^0, 
lead to Minkowskian models of 3D gravity [39], cf. [40]. For a time-dependent 
H = H{t), one would obtain, in addition to the curvature dependent H 2 +H potential 
in (6.3), a kinetic term for H and could analyse, following Giddings [41], the instability 
of the £ a = solution. In the gauge T L = 0, we thereby obtain a means to analyse the 
instability not only for the diffeomorphism invariant solution $ = but also for the 
true translation invariant solution T T = 0. It remains to be seen, if also the signature 
of the physical spacetime has a dynamical origin in such a framework, as is suggested 
by Greensite [42], cf. [43]. 

In quantum gravity, a vanishing translational connection 1?( T ) may be accompa- 
nied by a topology change of the underlying spacetime manifold. The rich spectrum 
of possible topological structures in quantum "geometrodynamics" has been outlined 
in Ref. [44]. Our affine gauge approach exactly leads us to the more detailed mecha- 
nism devised by Horowitz [3]. According to (4.11), the vanishing of the translational 
connection converts the coframe components into the form -d a = —D^ a . At each of 
the boundaries <9M 4 ks S 3 \J S' 3 of the topology changing spacetime manifold M 4 we 
may also adopt the gauge = for the linear (or Lorentz) connection. In the 
vicinity of that boundary, 

■&<* = -dC and g = o af3 al^ ® d£, p (6.4) 

represent the (flat !) Minkowskian spacetime in terms of the 4-dimensional Cartesian 
coordinate system Obviously, this solves also the vacuum Einstein-Cartan 

theory with zero action. For generic £ a , the (inverse) tetrad components = —dj £@ 
will be non-degenerate almost everywhere. In order to accomplish a spatial topology 

change, we may choose £° to be the "height function" of Morse theory. Then, d£° is 
a timelike covector and we can apply the "trouser world" construction as is decribed, 
for example, by Konstantinov and Melnikov in Fig. 1 of Ref. [45] . 

We summarize: The advantage of the affine gauge approach is that the coframe, 
even for vanishing translational connection, remains non-degenerate almost every- 
where. 
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